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A ring structure on ~Z0((4)

and an inverse twistor function formula

ANTONIO CASSA
Dipartimento di Matematica. 38050Povo(Trento)

Abstract. The well-knownPenrose~ integral formula allows to express eachfree
spinorialfield verifyingtheDiracequationby a etwistorialfunction,.
Thepresentpapergivesconverselyan explicitwayto computeatwistorialfunction
associatedto a field.

INTRODUCTION

The conformalstructureinheritedby an opensubsetU from the complexified
Minkowski spacecan be reconducedto the complexstructureof a corrispondent

opensubsetU°of F
3 (theprojectivetwistor space).

Therefore every object or property invariant by conformal transformations
must be expressablein terms of the complex structureof the open subsetsof

‘P3.
It is an essentialpart of this programthe proofgiven by R. Penrosethatevery

free spinorial field{p~~(x)}~+p~0with zero-rest-massandhelicity n/2 verify-

ing the Dirac equation on U correspondsto a cohomologyclass in the space
H’(U’~, (9(—n — 2)). For example if U is all the affine complex Minkowski

space and f is a <<twistorial function>> representinga cohomology class the
correspondingfield is given by the formula:

= ~ f(ix~~
0+ ix01 ~, ix10~0+ i x11~1,~
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The function f keepsmemory of each intrinsic property of the field, that is

every conformal property of the field canbe obtainedin a puregeometricway

by the functionf.
The presentarticle givesan explicit way of computing a twistorial function

associatedto a field. The formula is obtainedby usingsistematicallya ring struc-

ture defined on the space~‘0(ff
4) of holomorphic masslessfree scalarfields

on the affine Minkowski iI~and then consideringthe spaces~~(~T4) of vectorial

fieldsas moduleson

These algebraic structuresmake these spacesrespectivelyisomorphic to the

ring Cr(C) of holomorphic functions on the cone C={z E ~ :z~ ~1

• = 0 } and to the modules.~~(C)of holomorphic functionson C vanishing

with orderat leastn on a planeS in C.

§ 1. THE SPACE ~?.YØOF MASSLESS FREE SCALAR FIELDS

For every 1 = (l~,~ ~ in IN4 we set: ~ = + ~ l~= ~ + 110. /~=

= 110 + ~ l’~’ = 101 + ~ = l~+ 101 + l~+ ~ M ={m = (tn~,in, m~’,tn~)E

E IN4 : + = m~+ m’}. s(l) = (la, l~,l~,1’).

We say that l, r in IN’1 areequivalent(l -~ r) if s(l) = s(r). observethat if s(l) =

= m then s 1(rn) = { 1 + (— b, b, b, — b) :~—mm ~ 110) ~b ~ mm (l~,l~~)}.M

representsthequotient set 1N4/—.

For every 1 in IN4 (with m = s(l)) we set: RU) = (~)(~)and CU) =

= C(m) = (lo ~ ~).Developing the equation (1 + x)mo~m.= (1 + x)mo ‘(I +

+ x)m~ we have: C(m) = s(l)~m0 Set N(l) = N(m) = # [I] = mm (lw, l~~)+

+ mm ~ l~~)+ I observealso that N(l) ~ 1 + I and N(m) ~ C(m) ~ 2 m /2

For a general x in the cone: C={xEC4 :x~~x
11—x01 x10= 0}it holds:

X01 X10 = l,therefore we havex
1 = x~for 1 r.

xoo • xii

For everym in M andeveryx in C we canset: = xt wheneverm = s(l).

For everym mM we define theelementarypolynomial:

~ B(1)~x1.
s(l)=m

The polynomial ~2mis homogeneousof degree m /2 and takesorigin as the

Penrose trasform in the affine Minkowski space of the twistorial function

(wtmo • ~)/(ir’flo+ I . ~m~+ 1) since:
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~1fl/(~ifl~+ 1. ~~m
7+ 1fl(x) = urn /2.

(where:

~(f)(x)=
27r1 J

forfE ~7(—2)(C~,~—(H
77U H7.))).

We will consider = 0 if m is not positive.

For everym in M andeveryx mn C we have:

= C@n) x~.

a
2 a2

Denotedby 0 theoperator0 = — we set:
ax

00ax11 ax01 ax10

~0(C
4) ={~E &(C4) : E~J~=0}.

THEOREM (1.1). A function ~ of &(C4) is in ~
0(C

4)if andonly if canbeexpres-

sedas a series:

~ a~Q,,~(x).

m EM

In this casetheexpressionis uniqueand

lim~~~= lim~~~= urn IaiI=0.
d-~o- d-~-- V I1l=d

Proof In one of the two direction the theoremholds for the continuity of the

operator0 andfor:

aQm , aQm

a = mo . ~m—(1,O,1,O)’ ~ = ~ - ~m—~.i,o,o,nx
00 x01

aQrn aQrn
= rn1 • ~rn—(0,1,i,0)’ ~ = ~m_~o,1,o,1)

x10 x11

implying ~ ~2m= 0.

In theotherdirection taken pE ~ C
4 andwritten

= ~ ~(d)

d~’O
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with ~ homogeneousof degreed (and still 0 ~ = 0) the theorem follows

fram this fact: the setBd= {Qm : m = 2d }is a basefor the space

= {ip E ~0(C
4) : ~ homogeneousof degreed}.

Infact from theexact sequence:

o~—~ P.÷(

9(d—2)~0

follows dim ~(d)7~ (d + 1)2, moreover the polynomials ~m of Rd are exactly

(d + 1)2 and indipendent, since: if ~ a Q = 0 then ~ B(l) a
1m12d m rn I1I=d s(1)

x
1 = 0 and therefore aS(l) = 0 for every1.

This proves also the unicity of the expression.
The limit is proved rememberingthat a power series~ a~x1 convergesin all

C4 if andonly if iim~”f~j~= 0 and observing that for p(x) = ~ B(1) . aS(l) •

itholds:I~I~2~= ~ a C(m)~<2°’ ~ a 2’flaIt2’~.
1mI2d rn 1rn12d m

THEOREM(1.2). The restriction map p : ~‘
0(C

4)-÷ ~P(C) is an isomorphismof

vectorspaces.

Proof. If ~ = ~ a~x~’has restriction null on C then ~ = (x~. x
11 — x01 x10)

with i~i= ~ bh . x
1’. For every r E IN4 let’s considerthe linearmap ‘‘,. : £~7(C4) —~C

defmnedby’y(~a~.x”)= ~ a/c.

Since h+(l,O,O, 1)~h+(0, 1,1,0) then ~

— ~bh . x’ +(O.1.1.0)) = ~ bh yr(xhlOo~~l)— =
h lhI=Ixl—2

= 0 for every r.
For a function p = ~ . = ~a~). B(k) x’~in ~

0(C
4) it follows:

= k—r aS(k) . B(k) = ~s(r) k—r B(k) = ‘~s(r) C(r)

therefore = 0 for every m EM and then ~ = 0. This proves the map p is

injective.

Let’s prove now that p is surjective,taken 1,11 = ~ ah • x~in &(C4) let’s consider

0:
the function 7~= —~-— • where = ~ at,. since

mEM C(m) s(h)=07

2dI a 2d1
lim 1/ ~ ~ Jim 1/ ~ ah~=0

2d-’-- V Im 1= 2-d C(m) 2d-’~ ~ Ihl=d
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the function p is entireand

p(~)= ~ J~L.C(m).x(m)=~a .x(m)=
mEM m

=~( ~ ah)x~=~ahxIC=~lC
m s(h)=m h

Observe that taken p = ~ a~ Q then for every r> 0 and m EM it holds:

(~hr
I a~(~<rImt/2

Infact p = ~ B(l) • aS(l) x1 therefore

II ~Phr
B(l) haS(l)I~—j~—then ~ B(l) .IaI<

r s(1)m

lb ~Plb II II
~ N(m) rIm 1/2 that is C(m)~am ~ ~m 1/2 N(m).

§2. THE FRECHET ALGEBRA ~~(C4)

We define on (9(C4)a product * such that * = ~m +~,wheneverm ~ 0

andp ~ 0.

Forevery p(x) = ~ ah x1 and i~(x)= ~ b~. x’~in (9(C4)we define:

r 1 B(l) 1
(~* ~)(x)= ~ ~ . .ah.bkl.x1.

i L~+~iN(h) N(k) B(h) B(k) J

The seriesp * ~L’is entire, infact for every R > 0 the series~ ah (A R) I/i I,

I b
1j (A R) IkI and ~ ~ lahl 1 b,J (A . R) uI are convergent for theu h+ku

absolute convergence of p, i,Li.

Therefore for x ~ R:

~

~ lahhlbkl~(
4R)<+~.

u h+k=u
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THEOREM(2.1). (~0(C
4), *)isa Fréchetalgebrawith I asa unit element.

Proof The product * : (9(C4) x (9(C4)-+ (9(C4) is continousfor the uniform
convergencetopology.

Thereexistsa constantK such that ~ ~ I ~ K°’, taken A> 2K we
llI=dh+k—1

have:

IHIIA.R lb~bbA.R
ba~b~ and bbkb~

(A~R)~

therefore for IbxbI ~R:

l(~*~)(x)b~~ ~ B(1) 1a~1bbkb R~
1 h+k-1

2K d

~

The commutativity and the distributivity of the product follow almostimme-

diately from thedefinition of *.

Let’s provethe associativity,let ~ = ~ ~ x’, ~,ti= ~ bk xkand i~= ~ c
1 x’.

For (p * i~1i)* t~= ~ ~ x~wehave

B(p) 1 B(l)

= i+~p N(/)N(l) BWB(i) h N(h)N(k) B(h)B(k) h bk.

LetA ={(l,j,h,k):l+j’—p,h+k--l}
A’ ={(j, h, k): ~1such that (l,j, h, k) EA}

and forevery(j,h,k)inA’:

F(j, h, k) ={(l,j, h, k)EA}.

It holds:

A’={(j,h,k) :j+h +k—p}

and

F(j,h,k)={(1,j,h,k):1—.h+k}.

Therefore:

1 1
a =B(p) . _________ ________

(l,/,h,k)EA N(l) N(h)N(k)NCI) B(h)B(k)B(j)
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1 1
=B(p)~ ~ ahbkc.

(f,h,k)EA N(h)N(k)N(/) B(h)B(k)B(j)

the sameholds for the coefficient of place p in the expansionof p * (ui * 13).

Set xfl°= I, x
1~’= x~1* • . . * x11 (u times) for u~ 1 and x’~= x~O°* x~°*

* xj~.jio* x~’ for 1 = (l~,101, l10, ~

Sincex~* ~m = Qm +(1,0,1,0)’ X01 * = ~m +(1,0,0,1)’x10 * ~m = ~m +(0,1,1,0)

and x11 * = ~m + (0,1,0,1) proceeding by induction an Ill it is possible to
provethat:

= Q

Therefore~m * = Q5(1)* Q5(h) = x”
1 * x*~= x*~~ = ~m +p

Taken p = ~ am ~m and ,Li = E b~ Q~ in ~
0(C

4) for the continuity of * it

holds: ~p* = E ( ~ am b ) Q therefore ~
0(C

4) is a closed subring of
q m+pq ~ q

(9(C4). At last for every ~p= ~ am ~m = B(k) a~(/~)x~Cwe have:

(l*~)(x)=~[~ N(k) I ~B(k) .B(k).a]x1

= B(l) aS(l) X (~N(1))= ~(x).

§3. AN INVERSE TWISTOR FORMULA FOR SCALAR FIELDS

THEOREM (3.1). The map 13 : (9(C) -÷ ~
0(C

4) definedby:

is well defInedanda topological ring isomorphism.

Proof We already observed that the series~ a~ Q

1(h) is covergent on C
4 if

~ ah . z~is entire, thereforethe series~ ah . is a functionof .~
0(C

4).

Since 13[(z
00z11 — z01z10) z”] = 0, 13[k} = 0 for every function k E (9(C

4)
vanishingon C and 13 is a well definedring homomorphism.

Themap 13 is injective: if 13[k] = 0 then ~ ah = 0 for every m EM, then
s(h)m

for a generalz in C:
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min(r
00,r1) z • z b

k(z) = ar+ (—b,b,b,—b) zr . ( 01 10 ) =

m b=—min(r01,ré Z1~4.~Z11

rEs’(m)

~
m s(h)=m

Taken ~ = ~ am • ~m the function k(z) = . zh is entirewith 13[k] =

thereforethe map 13 is surjective.

The inverse map r = : ~0(C
4) -+ (9(C) is continuous(and therefore a

topological isomorphismamongFréchetspaces).Infact taken two numbersA,

K> 0 suchthat m ~M A I 1/2 ~ K we can prove that lb r(~)bbr ~K lb ~ bA r for

everyr> 0: forzE CwithIIzIb~r,wehave

IT lbr~~Iambb m)I<~

~ll~0IIA.r~K .

Let’s denoteby r : .~2’
0(C

4)-÷ (9(C) the inversemap r = 13 -

Since C is the spaceof maximal ideals of with the right topology, the

map r can be considered as a <<Fourier transform>>of the Fréchetalgebra~ *).

THEOREM(3.2). For every~E ~
0(C

4) and zE Cit holds:

1 (( 1 z~ z
01 z10 z11

~x(X0,X1) ~dX
(2irl)

2 jj X~X~ Xo X~ X
0 X1

where the integrals are taken on smallcicles around 0 in 4II~ and ~, and x(.v) is
thefunction:

x(y0,y1)=~ .

io.i~ (Jo + ii)

‘O

(holomorphicin a neighborhoodof zero in C
2).

Proof Since .f~”
0(C

4)is <<generated>>by the polynomials~m’ for the continuity
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of r and of the integral is enoughto prove the formula for thepolynomials~

that is the formula givesz(m) when~ =

In fact:

(2~l)2 ~ ~[s(~mB(~~ (/o+1i) X

s(1~m~ (/o+/i) B(l)~
2 ~X0~dX0dX1=

= B(l) . ________ . z~’= z~).
s(l)=m 1~+ 11

1”
0

With an easycomputationis possibleto prove that: if ~(x) = ~(0, x01, 0, x11)

or ~(x) = p(x~,0, x10, 0) then r(p) = p.

In ~ let L = { [w0, w~,7r0, 1r1] : T0 = = 0}, if we considerthe opensubsets

L~.={[w, in :-ir1 * 0} fort = 0, 1 we get an opencovering Q/ ={U0, U1} ofF
3 —

—L suchthat:

H’(~l, (9(k)) =H’(F3—L, (9(k))

for everyk E ~.

To have a cohomology classon F~— L is then sufficient to furnish a section

f holomorphic on U
0 fl U1 of (9(k); that is a functionf on C~x C~’

2holomorphic

and homogeneousof degreek.

Wewill needin the following the map:

h
0:(9(C)~÷Hl(O/1,(9(_2))

defined by:

r I j.~ _j.~ j.~ —iw1

L7T07T1 ~o ~O ~1

Set U,={(w,lr)EC
4:7r

1*0}forj=0,l and U=ii0nU1. Proceeding as
in [F] we definethe projectionoperator(forevery in E ~):
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p : (9(m)(~—*(9(
tn)(D~

by

___ J f f(w,t)
(pf)(w,ir)= • dt dt

(2ini)
2 ltI~R

7 1t71=R, (t0—ir0)(t1—in1) 0

forevery~7r0~>R0>0and~1r1~>R1).o;andthesubspace:

Fm ={fE (9(m)(~):pf=f}.

As in [F] it is possible to prove that:

wko wk7
F= fE(9(m)((~:f(w,in)= ~I akl ~+1 l~+1 =

k,l in0 7T~
1k I— 11= m -~-2

={fE (9(m)(~: iimf(w, in) = 0 for everywand in1 ~ ü

and lim f(w, in) = 0 for everyw andin0 * 0}.

Theinclusionj : Fm C~ (9(m)(U) inducesa topological isomorphism:

j:I~-÷H’(QI, (9(m))

(cfr. [F] ch. III proofof prop.31.1).

THEOREM (3.3). Themap

(9(C)—~H
1(Ql,(9(—2))

is an isomorphismof topological vectorspaces.

Proof The map h
0 can be factorised as h0 = Jo 10 trought the map 10 : (9(C) -~

~ ‘~-2 definedby:

1 —iw0 —iwo —iw1 —iw1
10(k)(w,in) = k , , ,

1r0in1 in0 in1 in0 in1

The function 10(k) is in F_2 since it is holomorphic in U, homogeneous of

degree— 2 and it has:

lim (k)(w, in) = 0, lim (k)(w, in) = 0.
7To—~~.

If 10(k) = 0 then k is zero on a denseopensubsetof C and thereforeis zero.
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A
1(w)

Taken~ = ~ + + ~ 2 (with deg(A1)= l~+ l~) let’s consider the
o’4 in0 in1~

function

k(z) = ~200 z01 f(—z00z01,— z01 z10, iz01, iz00) =

= . A1(iz00, iz10) = ~ (~:YA1(iz00, iz10) =00 . . 10

= . A~(iz01, 1211) = — A~(iz01, ,z11)
1 201 1 ~ii

this function is holomorphic on everyoneof the four opensubsetsof C:

~.ufk={2EC~fk*0} (j,k=0,1)

thereforek is holomorphicon C — { 0 }.

Since C is a perfect space,k canbe extendedto all C(cfr. [BS] cor. 3.12page

79), it iseasynow to checkthat l0(k) = f.

This provesthat l~ is a continuousisomorphismof Fréchetspaces(thena topo-
logical isomorphism).

THEOREM (3.4). The diagram:

‘~o H’(Ql (9(—2))

~

tcommutes~.

In particular themapc~is an isomorphismand

1 = h0 o r.

Thereforefor every~pin.~70(C
4)thefunction definedfor (w, ln)in C2 x C”2 by:

~1(~,t,)(w in) =

1 1 fj I —iw
0 —iw0 —iw1 —iw~ z.’~ v~

in0 in1 (2ini)
2 I I ~ in

0 in1

is an inversetwistor functionfor p.
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Proof We have to prove that ~ oh
0 o r = id; since ~70(C

4)is <<generated>> by

the polynomials ~m and all the maps are continuous is enough to prove (~

o h
0 o T)(Qm) = ~m for everym in M.
Infact

o h0 0 T)(Q) = ~o ° h0)(z(m)) =

0 1 = .imh/

2.Q
0 im/2 inm’~+1.~m’+l

11m1/2
0 1

It is very importantto observethat in the formulasof theorems(3.2) and(3.4)

what really is usedof the function p is its restrictionto the coneC.

If p(x) = p(O, x01,0, x11) then

—iw —iw
~,Xw,in)= ~ ~, 0 ____

inO.irl inl in!

and if p(x) = ~(x00, 0, x10, 0) then

—iw0 —iw1
.0.

iro.inl inO inO

§4. THE SPACES OF MASSLESSFREE SPINOR FIELDS

A masslessfree field of helicity n/2 on C
4 (for n > 1) is an (n + 1)-pie of

function ~ I=n holomorphic on C4 verifying the differential equations

(Dirac equation):

= ~ + 1,p, —1

ax
00 ax01

(forp0=0 n—I)

= ~

ax10 ax11

~0(C
4) ={~p.)

1P1..~ : masslessfree fields on C
4 of helicity n/2}.

C ~ + ‘(C4), that is 0 ~ = 0 for every component ~ of a field
of helicity n/2.

Foreveryk in M with k~~ n let:
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-n,k~-p0,k~-p, (p0 ~ k~,p1 ~ k’)

k,p k,p0,p,

if p0>k~ or p1>k’.

SetM~={kEM :k~n}.

It is an easy computation to prove that for every kEM~ the (n + 1)-uple

is in .~t~(C
4).For every k ~ we will call an elementaryfield the

(n + 1)-uple~‘2k,p~p ak,.

Set: I~={p=(p
0,p1) :lpl=n}.

For (k, p) and (h, q) in M x I~we will say that (k, p) and (h, q) are equivalent
if:

~ k=h, k1~+p0=h~+q0, k1
17+p

1=h1
17+q,.

The mapt :M xI~-+M~defined by:

t(k,p)=(k~,k +n,k~+p
0,k~+p1)

hasthe propertythat t(k, p) = t(h, q) if and only if(k, p) -~ (h, q) andissuijective.

Forevery p = (p,,) in ~ + ‘(C
4) we will write:

= ~ a~(~) Q

THEOREM (4.1). The (n + l)-uple (~
17)~E .~?f~ +

1(C4) is in .~2”~(C4)if and only if:

ak(~PP) = a~(7~q)whenever (k, p) — (h, q).

Proof (=i.) If (k, p) -~ (h, q) and k
1~= h~then p = q and k = h. Let’s suppose

hg<k~~1’ and set b=kg—h1~’=q0—p0=p1—q,, we can go from (k,p) to
(h, q) with b steps following the chain (k~°~, p~) (k~, p(b)) where for

each r = 0 b we set: (k~, p(r)) = ((k,~,, k’,, k~—r, k,” + r), (~+ r, p1—r)).

ap ap
If k~>0 then from (‘~.~‘) = ~°a~1,p, 1) if follows a(1~,~ ~ ~)

00 x01 ,

~ ) = a(, + ~ ~ ,)(p(~.~1~,))~ thenak(r)(pP(r)) = ak(r + I)(p~(r+ 1))
(taking l~ = k~— I, 1 = k~,ig = k~— r — 1, l~,’ = k~+ r) and thereforeak(pP) =

= ah(LPq).

If k~= 0 sincek>0 the conclusionfollows from a~(~0~)= a~(~0+ 1,p, —1)

ax,0 ax1,
in ananalogousway.

(~=)Since ((l~+1, 1’,, l~+ I, 1~),(p0,p,))—((l1~,+ 1, f1, l~,’,l’ + I), (p0+ 1, p1 —1)
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and ((la, l~ + 1, l~’ + l, li), (PoeP)) ((la, l + 1, la’, l’ + I), (p0 + 1, p1 — 1)),

set v = (I , —1), u00 = (1, 0, 1, 0), u01 = (1 (3, 0, I), u10 = (0, 1, 1, 0) andu,, =

=(0, 1,0, 1) we have:

~ =~a1~~ (up~~(l~+ l)~Q1=

aup +

= ~ (l~+ I) .Q= a~U

x0,

and

= ~a1~~(up~ ~(l~ + I)~ =

+

=~a1~0(up~÷)(l+J)Q1= a~ •

THEOREM (4.2). The (n + l)-uple (p,) ~ ‘(C
4) is in ~~(C4) if andonly

if there existcoefficients(a) EM(n) suchthat:

up = . Q

and

d~~H =0.

In this casetheexpressionis unique.

Proof If P~= ~ 0:m then for the continuity of the partial derivativesthe

Dirac equationsareverified for p~as for the
Viceversaif p is in ~T~(C4)we know for the preceding theorem that a~(p~)=

= ah(upq) whenever(k, p) (h, q); thereforefor every m in ~ we candefine

= a~(~~)for whatever(k, p) in t~1(m).

We have:

~ (~)m ~m,p ~ (~)m ~m~,m;-n,m~-p

0,m~-p, =

mEM mEM
m”~p
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= ~ a~p,) =

SinceI a (d) I a(up~)b~_2~it follows from Jim ~~~a(up~)(7u)I = 0 that

i/[~d)_ o.~
Ifup=~a~Q~ =~-~m~m ,takenminM~ we can findpsuch that

m ‘~ m

m” ~p;then:

0 = — = ~ (a,~— ~
3m~ Qmp implies 0:m = ~m

§5. THE SPACES ~ AS MODULES ON

Forevery ‘y = a Q in ~ (C4) and every up = ~ b~Q in ~
u U UEMO~)

we definethe product7 * as the (ii + 1)-uplein

E ( ~ aubv)Qm.

mEM(~)u+v=m

The product is well defined: the seriesof ‘y * up is convergenton C4 as the
series~ ~ I a

0b b I ym product of the two convergentseries~ I a1j
m u+u=m U

and ~ Ib~lyU

It is not difficult to verify that 2!,, with this product on the scalar fields
becomesa moduleon

Let’s denoteby j the ideal generatedin 2!0(C
4) by the elements x,

0 and

x11. Obviouslywewill denoteby T” the n-th powerof ~.

The ideal T” is <<generated>>by the polynomials ~m with in ~

THEOREM (5.1). The map en: 2!,,(C
4) -+ fl defInedby:

(n) amQm..) = ~ am
mEM mEM

is an isomorphismof 2!
0-modules.

For every function up E (9(C
4) let’s denote by up~ and up~ the functions

defined by:

= p(0, x
01,0. x,1) and p~)(x)= up(x00. 0,x10, 0)
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for everyx E C4. The functionsup~and up~)are in

THEOREM(5.2.) For everyp in 2!,,(C4) it holds:

e,,(up)=~ ~

+ ~ x~~o* ~ * (up~0~+
I pI=n

p

0,p, >0

Proof Observefirst that:

/Qm.p ifm~=p0

Q(
0)

_/
m.P\

otherwise

and

/Qm~p ifm’=p,

Q(!)
_/

0 otherwise

In all possiblecases(there are sixteen)the expressionon the right gives,for

up = em,.’ the polynomial ‘2m as c,, does on For the continuity of and

of theexpressionthe theoremholdsfor every up in 2Y,~.

If we set:

= . [up

0 + up~)]

h11~~n0 2 ~[up,,0+up~]

= — [up~°~+up~’~] (forp0,p,>Oandlpl=n)

we have ~~(up)= ~x~j’o *x~~’*

Let’s denoteby Sthe planein the coneC definedby:
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S = {z E C
4 :2,0 = 211 = 0}.

The map r : 2!
0(C

4)-÷ (9(C) translates ~ in the ideal ~9~(C). Therefore
= r 0 En : 2!,,(C4) -÷ .9~(C) is an isomorphism between a 2!

0-moduie and a

(9(C)-module.
Observethat r,,(up) = ~ z~z~ r(~Li~).Let’s considerthe map:

h,, :,9~(C)-÷H
1(F3—L, (9(—n —2))

definedby:

[ 1 1 —iw
0 —iw0 —iw1 —iw~

“ [in0in1 (—iw,Y’ in0 in1 in0 in1

Since for k in ,~ ~(C) we have:

k(z)= E zç0o .z1P~~k~(z)
lpI= n

(—iw —iw0 —iw —iw
thenk~ 0 , , , is divisible by w~and the function

in0 in~ in0 in1

in the definition of h,,(k) is well definedfor every w and in with in0 * 0 andin1 * 0

and homogeneousof degree— n — 2.

THEOREM (5.3). Themap:

h,, :.~~~(C)-+H
1(F3—L,(9(—n—2))

is an isomorphismof topological vectorspaces.

Proof Themaph~canbe factorisedas h~= Jo I,, trought the maps:

J: F,, -2 -+ H’(~1,(9(— n —2)) and I,, : ~9~(C) -* F,,
2

where:

_______ —iw0 —iw0 —iw1 —1w1
1 (k)(w,in)= — . k , ,~,

in0in1 (—iw1)~ in0 in, in0 in,

The function l,,(k) is in F~_2since urn l,,(k) = 0 and lirn l~(k) = 0.

If l,,(k) = 0 then k = 0 an a densesubsetof C. For everyfE F~2 we canfind

functions ~ ~ ,, in F2 such thatf= ~ in~o’inç ~ infact:
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k
0 k, w°w

0 ~ 0 1
akl • 10+1 17+1 = L akh+P ho+po+linh,+p,+1 =

k,l ~0 ~, k,h,p 1
Ifl= Ikt +n lkI=Ihl

IpI=n

~ ( E ak,h+P
Ikl= hI

Proceedingasin the proofof theorem(3.3)we canfind functions{k~~}~+ ,~

in (9(C) such that:

—iw0 —1w0 —jo.,1 —iw1
f~(w,in)=____~ , ,

inoin, ino ini ino in,

It is easynow to provethat l,,( ~ z~o. zf~• k (z)) = f.
po+p1=n pop,

Therefore 1,, is a continuous isomorphisrn among Fréchetspacesand then a
topological ismorph.ism.The sameholdsfor h,,.

THEOREM (5.4). Thediagram:

H
1(F3—L, (9(—n—2))

n ~-_____~~~ I
n

((commutes),;in particular ?1’,, is an isomorphismand /3~~‘ = h~o T,,. Therefore

taken up in 2!,,(C4)thefunction definedfor every(w, in) in C2 x C*2:

I~’(up)(w,in) =

— v... 1 1 ,41,j I i~~o —iw
0 —iw1 —iw1

— p0+p=n in~o~’inç~~’ (2ini)
2 TT ~0• ~, ~‘o ‘ ~o

~ ~~)d~.dv,= 1_p •~‘(~)(win)
in

0 in, ~ in0°~in1’

is an inversetwistor function for up.
(The integralsare takenon circles I I = e I in1 I for smalle> 0).

Proof We haveto prove that ~ o h~0 T)(Qm) = Qm for every m E ~
This follows from:
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(—I)~ w~o w~”~
h (2(m)) =

fl 11m1/2+n inm”+~ inm”+l
0

and:

w~0 w~’-n w~”°. wi” -n

9 =9 =

“ + +, 0 in’Po~ 1 . ,o~+1

rn l—2~n
2 .Q ,

m0,m, —nm0—p0,m, —p

Rememberingthat:

9~’(up
t0~)(w,in) = 1 up(at0~(w, in))

in

0 . in1

and

9(up
t1~)(w,~)= I -~up(a~’~(w,in))

in

0 . in,

where:

—1w —1w
a~°~(w,in)=0, 0 1

in1 in1

and

—1w —iw
0,0, 1

in0 in0

wecanwrite the formula in theorem(5.4) in a simpler form:

9~‘(up)(w, in) = . 9~

1(up

0 )(w, in) + ~ ~9~’(up~~(w, in) +

+ ~ + . p0,,(a~
0~(w,in)) + + . up

0(a~
1~(w,in)) +in

0•-’r1 in0 in,

+ ~ in~o+ inf’±’ (up~(a(Okw,in)) + up~(a~’~(w,in))].

p0,p>0
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